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Exercise 1

Let H :“ L2 pRq and P :“ ´iBx the momentum operator defined on the domain D pP q :“
H1 pRq as Pψ pxq “ ´iBψ

Bx pxq. Consider for any λ P R the bounded operator Tλ defined
for any ψ P H as Tλψ pxq “ ψ px´ λq.

Prove that tTλuλPR is a strongly continuous one-parameter unitary group and that

Tλ “ eiλP “ eλBx . (1)

Exercise 2

Let H be an Hilbert space, A a symmetric operator and µ ą 0 a positive real number.
Prove that the following are equivalent.

a A is self-adjoint.

b Ran pA` iµ idq “ Ran pA´ iµ idq “ H.

Exercise 3

Let H be an Hilbert space. Let U P B pHq. Prove that U is unitary if and only if there
exist a self-adjoint operator A on H such that U “ eiA.

Exercise 4

Let H be an Hilbert space and A`, A´ P B pHq such that

“

A˘, A
˚
˘

‰

“ id, (2)

rA`, A´s “
“

A`, A
˚
´

‰

“ 0. (3)

Let moreover η, ζ P R, with η ą ζ ě 0. Define

H :“ η
`

A˚`A` `A
˚
´A´

˘

` ζ
`

A˚`A
˚
´ `A`A´

˘

. (4)

a Prove that H is self-adjoint.
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b Prove that there exist operators C˘ and numbers α, β P R such that

“

C˘, C
˚
˘

‰

“ id, (5)

rC`, C´s “
“

C`, C
˚
´

‰

“ 0, (6)

H “ α
`

C˚`C` ` C
˚
´C´

˘

` β. (7)

Hint: Define
C˘ :“ γ˘A˘ ` ξ˘A

˚
¯ (8)

for some γ˘, ξ˘ P R. Use (5) and (6) to deduce that γ` “ γ´, ξ` “ ξ´ and that
γ2˘ ´ ξ

2
˘ “ 1. Calculate C˚˘C˘ and deduce (7).
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